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Poisson’s equation

e Consider Poisson’s equation:

—Au=f in Q,
u=g on Of.

e In this example, we take
Q=(0,1)2%, f=2x?sin(rz)sin(ry),

so that the exact solution is w = sin(mz) sin(7y).



Poisson’s equation

The discontinuous Galerkin method is defined as finding uj, € W’ such that

Z (Vup, Vop)r — Z {<|[uh] AOnvn}),

TeTy ecéy,
+ <«[{8nuh}} 5 I[’Uh]> — ahe_1<[uh] s [’L}h]>e} = (f, ’Uh) + Z <g,0’he_1’l)h — 8nvh>e.
eeg}?
En - set of edges
S}? C &p- set of boundary edges
{8nv}|e:8nefu+—8nev_, [v]|6=v+—v_ ife=0TtTNoT™,
{onv}|, = On.v, [, =v if e € EP,

+
(v = “!Ti )-
W denotes the space of discontinuous quadratic piecewise polynomials.

o > 0 is a stabilization parameter



Discontinuous Galerkin methods

e To implement in Comsol it is convenient to separate the interior edge terms
and the boundary edge terms and move all of the terms to the left-hand side.
That is, we write the method as

> {(VumVUh)T = (£ Uh)T}

TeT,

= > {{lunl €0uvnd), + ({0nun} [onl) — oh (funl , [onl), }

1
e€g;,

- Z {<8nuh,vh>e + <u — g,0nvp — crhe_lvh>e} =0.
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e€E

. 8;{ - interior edges



Step by step instructions

Step 1: Start the application Comsol Multiphysics. The path to the executable is

/usr/local/packages/comsol35a/bin/comsol

X! neilan@is:~

[neilankis “15 /usr/local /packages/consol earbin/consal 5

660 IX) Model Navigator
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Step by step instructions
Step 2: (a) Select ‘PDE Modes— Weak Form, Subdomain— Stationary analysis’
(b) Select ‘OK’
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Step by step instructions

Step 3: (a) Select ‘Draw—Specific Object— Square’
(b) Select ‘OK’
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Step by step instructions

Step 4: (optional) Click the icon for “Zoom Extents” - it is the icon with a

magnifying glass and a red cross
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Step by step instructions

Step 5: Select ‘Options—Global Expressions’

(a) Enter the following information in the given box:

Name Expression Unit Description
£ 2%pi/N 2%sin (pi*x)*sin(pi*y)

g 0

exactsoln sin(pi*x)*sin(pi*y)

error abs(u-exactsoln)

12err error’'2

ujump up(u)-down(u)

testujump

test(up(u))-test(down(u))

unavg 0.5*((up(ux)+down(ux))*unx+(up(uy)+down(uy))*uny)
testunavg 0.5%((test(up(ux))+test(down(ux)))*unx

+ (test(up(uy))+test(down(uy)))*uny)
sigma 10

(b) Select ‘Ok’




Step by step instructions

Step 5:
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Step 6:

(a
(b

¢

)

Step by step instructions

Select ‘Physics—Subdomain Settings’

) Enter the following information in each field:

=

weak : ux * test(ux) 4+ uy * test(uy) — f * test(u)

dweak : 0

bnd.weak : —unavg * testujump — ujump * testunavg + (sigma/h) * ujump * testujump
constr : 0

Constraint type : ideal

constrf : 0

To use discontinuous elements, select the ‘Element tab’ and enter
‘shdisc(2,2,’u’)’ in the ‘shape’ field (the first 2 in ‘shdisc(2,2,’u’)’ is the
dimension, and the second 2 is the polynomial degree).

Select ‘Ok’



Step by step instructions

Step 6:
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Step by step instructions

Step 7: (a) Select ‘Physics—Boundary Settings
(b) Under the “Weak” tab, select all four boundaries (1,2,3,4) and enter the

following information:

weak : —test(u) * (ux * nx + uy * ny) — u * (test(ux) * nx + test(uy) * ny)

+(sigma/h) * u * test(u)

dweak : 0

constr : 0

Constaint type : ideal

constrf : 0

(c) Select ‘OK’



Step by step instructions

Step 7:
800o "\ Boundary Settings - Weak Form, Subdomain (w)
Boundaries erups ‘ lieak r’CDIUr,fSMe |
Boundary selection Weak terms
1 = weak *IESI(U)"’(UX”’I’]X*»U\;""\\“ Weak term
i dwaak, o flesl(u)"(ux"mﬂuy’n\.jfu"(lesl(ux)”nxﬂesl(uv)*ny%(sigma,’h)"u"lesl(u)|
4 constr

constrt

=
Croup J

Select by group

[ ] Interior houndaries

0 Constraint {constr = 0)

Constraint force

ok |[ cancet || apan || Hem




Step by step instructions

Step 8: Select the ‘Solve’ icon (the icon with a plain equal sign)



Step by step instructions

Step 9: To view the error,
(a) Select 'Post Processing—Plot Parameters’
(b) Select the 'Surface tab’
(c) In the ’Surface Data Subtab’, enter ‘error’ in the Expression field
(d) Select the "Height Data Subtab’ and check the box for Height Data
(e) Select ‘Apply’



Step 10:

Step by step instructions
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Step 10:

Step by step instructions
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Step by step instructions

Step 10: To calculate the error in the L? norm,
(a) Select ‘Post Processing— Subdomain Integration’
(b) Enter ‘12err’ in the Expression field
(c) Select ‘Apply’
(d) The value should appear in the lower left-hand side of the screen (note: this is
the quantity ||u — uthLg not |[u — unl| 2).



